In this paper, we introduce a class of rings in which every nilpotent element is central. This class of rings generalizes so-called reduced rings. A ring R is called central reduced if every nilpotent element of R is central. For a ring R, we prove that R is central reduced if and only if R[x 1
Introduction
Throughout this paper all rings are associative with identity unless otherwise stated. A ring is reduced if it has no nonzero nilpotent elements. A ring R is called semicommutative if for any a, b ∈ R, ab = 0 implies aRb = 0. Recently a generalization of semicommutative rings is given in [3] . A ring R is called central semicommutative if for any a, b ∈ R, ab = 0 implies arb is a central element of R for each r ∈ R. A ring R is said to be abelian if every idempotent in R is central. A ring R is called right (left) principally quasi-Baer [8] if the right (left) annihilator of a principal right (left) ideal of R is generated by an idempotent. Finally, a ring R is called right (left) principally projective if the right (left) annihilator of an element of R is generated by an idempotent [7] .
In this paper, we introduce central reduced rings as a generalization of reduced rings. Clearly, reduced rings are central reduced. We supply some examples to show that all central reduced rings need not be reduced. Among others we prove that central reduced rings are abelian and there exists an abelian ring but not central reduced. Therefore the class of central reduced rings lies strictly between classes of reduced rings and abelian rings. We prove that every central reduced ring is weakly semicommutative, central semicommutative, 2-primal, abelian and so directly finite, and a ring R is central reduced if and only if the Dorroh extension of R is central reduced. Moreover, it is proven that if R is a right principally projective ring, then R is central reduced if and only if R[x]/(x n ) is central Armendariz, where n ≥ 2 is a natural number and (x n ) is the ideal generated by x n . It is shown that a ring R is central reduced if and only if the polynomial ring R[x 1 , x 2 , . . . , n ] is central reduced. Finally we prove that if R is a central reduced ring, then the trivial extension T (R, R) is central Armendariz.
Throughout this paper, Z denotes the ring of integers and for a positive integer n, Z n is the ring of integers modulo n.
Central Reduced Rings
In this section we introduce a class of rings in which every nilpotent element is central. We now give our main definition. Commutative rings and reduced rings are central reduced. Every unitcentral ring (i.e., every unit element of R is central [13] ) is central reduced. One may suspect that central reduced rings are reduced. We now give an example to show that central reduced rings need not be reduced.
Example 2.2 Let S be a commutative ring and R
. Then R is a commutative ring and so it is central reduced. If a = x + (x 2 ) ∈ R, then a 2 = 0. Therefore R is not a reduced ring.
Recall that a ring R is semiprime if aRa = 0 implies a = 0 for a ∈ R. Our next aim is to find conditions under which a central reduced ring is reduced.
Proposition 2.3
If R is a reduced ring, then R is central reduced. The converse holds if R satisfies any of the following conditions.
(1) R is a semiprime ring.
(2) R is a right (left) principally projective ring.
(3) R is a right (left) principally quasi-Baer ring.
Proof. First statement is clear. Conversely, assume that R is a central reduced ring and a ∈ R with a 2 = 0. Then a is central. Now consider the following cases.
(1) Let R be a semiprime ring. Since axa = 0 for all x ∈ R, it follows that a = 0. Therefore R is reduced.
(2) Let R be a right principally projective ring. Then there exists an idempotent e ∈ R such that r R (a) = eR. Thus a = ea = ae = 0, and so R is reduced. A similar proof may be given for left principally projective rings.
(3) Same as the proof of (2).
Corollary 2.4
If R is a central reduced ring, then the following conditions are equivalent.
(1) R is a right principally projective ring.
(2) R is a left principally projective ring.
(3) R is a right principally quasi-Baer ring.
(4) R is a left principally quasi-Baer ring.
Proof. It follows from Proposition 2.3 since in either case R is reduced.
Note that the homomorphic image of a central reduced ring need not be central reduced. Consider the following example.
Example 2.5 Let D be a division ring, R = D[x, y] and I =< x 2 > where xy = yx. Since R is a domain, R is central reduced. On the other hand, x+I is a nilpotent element of R/I but not central. Hence R/I is not central reduced.
We now determine under what conditions the homomorphic image of a central reduced ring is also central reduced. Proposition 2.6 Let R be a central reduced ring. If I is a nil ideal of R, then R/I is central reduced.
Proof. Let a + I ∈ R/I with (a + I) n = 0 for some positive integer n. Then a n ∈ I and there exists a positive integer m such that (a n ) m = 0. Since R is central reduced, a is central. Hence ab − ba ∈ I for all b ∈ R and so a + I is central. Therefore R/I is central reduced.
It is well known that a ring is a domain if and only if it is prime and reduced. In addition to this fact, we have the following proposition when we deal with central case.
Proposition 2.7 Let R be a ring. Then R is a domain if and only if R is a prime and central reduced ring.
Proof.
First assume R is a domain. It is clear that R is prime and reduced and so central reduced. Conversely, assume R is a prime and central reduced ring. Let a, b ∈ R with ab = 0. Then rab = 0 for all r ∈ R. Since (bra) 2 = 0, bra and therefore bRa is contained in the center of R. Let s ∈ R and asbrasb ∈ (asb)R(asb) for any r ∈ R. Hence asbrasb = abras 2 b = 0, since bra is central and ab = 0. It proves (asb)R(asb) = 0. Being R prime, we have asb = 0 for all s ∈ R and so aRb = 0. By invoking the primeness of R again we get a = 0 or b = 0. Therefore R is a domain.
It is well known that every reduced ring is semicommutative. In our case we have the following. 
Let R be a central reduced ring and a, b ∈ R with ab = 0 and r ∈ R. Since ab = 0, ba is central. So barb = rbab = 0. Then (arb) 2 = 0. By hypothesis arb is central.
For any positive integer n and a ring R, let T n (R) denote the n × n upper triangular matrix ring over the ring R and R n (R) denote the subring {(a ij ) ∈ T n (R) | all a ii 's are equal for i = 1, 2, ..., n} of T n (R).
The following example shows that the converse of Proposition 2.8 may not be true in general. Proof. Let a ∈ R with a n = 0 for some positive integer n. Since R is central semicommutative, a n−1 Ra is contained in the center of R. Hence (axa n−1 )R(axa n−1 ) = 0 for all x ∈ R. By hypothesis axa n−1 = 0 for all x ∈ R, and so aRa n−1 = 0. Thus a = 0 or a n−1 = 0. If a = 0, then the proof is completed. If a n−1 = 0, then we also have a = 0, by using the similar technique as above.
The next example shows that for a ring R and an ideal I, if R/I is central reduced, then R need not be central reduced. Lemma 2.12 Let R be a prime ring. If R/I is a central reduced ring with a reduced ideal I, then R is a reduced ring.
Proof. Let R/I be a central reduced ring. By Proposition 2.8, R/I is central semicommutative. To complete the proof we show that R is central semicommutative. Let a, b ∈ R with ab = 0. Since bIa ⊆ I and (bIa) 2 = 0, bIa = 0. Therefore ((aRb)I) 2 = 0 and so (aRb)I = 0. Since R/I is central semicommutative and (a + I)(b + I) = I, aRb + I ∈ C(R/I), that is, arbr 1 −r 1 arb ∈ I for all r, r 1 ∈ R and so (arbr 1 −r 1 arb) 2 ∈ (arbr 1 −r 1 arb)I = 0 by (aRb)I = 0. Then for all r, r 1 ∈ R we have arbr 1 = r 1 arb and so aRb is contained in the center of R. Thus R is central semicommutative. By Proposition 2.10, R is reduced.
Recall that a ring R is called weakly semicommutative [15] , if for any a, b ∈ R, ab = 0 implies arb is a nilpotent element for each r ∈ R. Proposition 2.13 Let R be a central reduced ring. Then R is weakly semicommutative.
Proof. Let a, b ∈ R with ab = 0. Since R is central reduced, ba is central in R. Hence for each r ∈ R, (arb) 2 = arbarb = ar 2 bab = 0. Therefore R is a weakly semicommutative ring.
The following example shows that there is a weakly semicommutative ring which is not central reduced. 
Let P (R) denote the prime radical and N(R) the set of all nilpotent elements of the ring R. The ring R is called 2-primal if P (R) = N(R) (See namely [10] and [12] ). In [18, Theorem 1.5] it is proved that every semicommutative ring is 2-primal. In this direction we prove Theorem 2.15 Every central reduced ring is 2-primal. The converse holds for semiprime rings.
Proof. Let R be a central reduced ring. It is obvious that P (R) ⊆ N(R). For the converse inclusion, let a ∈ N(R) with a n = 0 for some positive integer n. Then (RaR) n = 0 ⊆ P (R), and so RaR ⊆ P (R). Hence we have a ∈ P (R). Therefore N(R) ⊆ P (R). Conversely, let R be a semiprime and 2-primal ring. Then P (R) = 0 and so N(R) = 0. Hence R is reduced and so central reduced. This completes the proof. Theorem 2.16 Let R be a ring. Then the following are equivalent.
(1) R is central reduced.
(2) R/P (R) is central reduced with P (R) ⊆ C(R) where C(R) is the center of R.
Proof.
(1) ⇒ (2) Clear from Theorem 2.15.
(2) ⇒ (1) Let x ∈ R with x n = 0 for some positive integer n and R denote the ring R/P (R). Since R is central reduced, x = x + P (R) is central in R. This implies that (RxR) n = 0 ⊆ P (R), and so RxR ⊆ P (R). Hence x ∈ P (R) = 0, thus x ∈ P (R). By hypothesis, x is central in R.
Proposition 2.17 Every central reduced ring is abelian.
Proof. Let R be a central reduced ring and e 2 = e ∈ R. Then xe−exe and ex − exe are central for all x ∈ R since (xe − exe) 2 = 0 and (ex − exe) 2 = 0. Hence (xe − exe)e = 0 and e(ex − exe) = 0 for all x ∈ R. So we have xe = ex for all x ∈ R. Therefore R is abelian.
Every abelian ring need not be central reduced, as the following example shows. Recall that a ring R is called directly finite whenever a, b ∈ R, ab = 1 implies ba = 1. Then we have the following.
Example 2.18 Consider the ring
R = a b c d : a ≡ d (mod 2), b ≡ c ≡ 0 (
Corollary 2.19
If R is a central reduced ring, then R is directly finite.
Proof.
Clear from Proposition 2.17 since every abelian ring is directly finite.
A ring R is called nil clean [9] 
Let a ∈ R. Since R is nil clean, that is, an idempotent e and a nilpotent b exist in R such that a = e + b. By hypothesis, e and b are central, and so a is central.
Let I be an index set and {R i } i∈I be a class of rings. Then R i is central reduced for all i ∈ I if and only if i∈I R i is central reduced. Then the next result is an immediate consequence of Proposition 2.17.
Corollary 2.21
Let R be a ring. Then the following are equivalent.
1. R is central reduced.
2. R is abelian and for any idempotent e ∈ R, eR and (1 − e)R are central reduced.
3. There is a central idempotent e ∈ R with eR and (1 − e)R are central reduced.
Recall that a ring R is said to be regular if for any a ∈ R there exists b ∈ R with a = aba, while a ring R is called strongly regular if for any a ∈ R there exists b ∈ R such that a = a 2 b. Now we give some relations between reduced, central reduced, regular, strongly regular and abelian rings. Also following theorem provides some conditions for the converses of Proposition 2.3 and Proposition 2.17(1).
Theorem 2.22 Let R be a ring. Then the following are equivalent.
(1) R is strongly regular.
(2) All R-modules are flat and R is central reduced. Let S denote a multiplicatively closed subset of a ring R consisting of central regular elements. Let S −1 R be the localization of R at S. Then we have the following lemma.
Lemma 2.23 A ring R is central reduced if and only if
Proof. It is routine. Theorem 2.24 Let R be a ring. Then the following are equivalent.
Proof. The equivalencies of (1), (2) . . + a n x n ∈ R[x] be nilpotent. To complete the proof it is enough to show a 0 , a 1 , . . . , a n are central. If f (x) 2 = 0, then we have We may continue in this way to obtain a 2 ,. . . , a n central. Now assume f (x) 3 = 0. Then
(1) implies a 0 is central. Hence from (4) we have 3a 3 a 2 0 +3a 2 a 0 a 1 +3a 1 a 2 a 0 + a The following result can be easily obtain from Theorem 2.24.
Corollary 2.25 Let R be a ring and G a finitely generated free abelian group. Then the following are equivalent.
(2) RG is central reduced.
It is known that reduced rings are nonsingular and commutative nonsingular rings are reduced. But in our case there is no relation between nonsingular and central reduced rings, as the following examples show. (2) The ring of 2 × 2 matrices over a field is left and right nonsingular.
On the other hand, 0 1 0 0 is a nilpotent element but not central. Thus this ring is not central reduced.
The Dorroh extension D(R, Z) = {(r, n) : r ∈ R, n ∈ Z} of a ring R is a ring with operations (r 1 , n 1 ) + (r 2 , n 2 ) = (r 1 + r 2 , n 1 + n 2 ) and (r 1 , n 1 )(r 2 , n 2 ) = (r 1 r 2 + n 1 r 2 + n 2 r 1 , n 1 n 2 ). Obviously R is isomorphic to the ideal {(r, 0) : r ∈ R} of D(R, Z). Then we obtain the following. 
Proof.
Let R be a central reduced ring and (r, n) ∈ D(R, Z) with (r, n) m = 0 for some positive integer m. Since n m = 0, it follows that n = 0 and so r m = 0. By hypothesis r is central. Then (r, n)(s, a) = (s, a)(r, n) for any (s, a) ∈ D(R, Z). Therefore D(R, Z) is central reduced. The converse is clear.
Let R be a ring and M an (R, R)-bimodule. Recall that the trivial extension of R by M is defined to be ring T (R, M) = R ⊕ M with the usual addition and the multiplication (r 1 , m 1 )(r 2 , m 2 ) = (r 1 r 2 , r 1 m 2 +m 1 r 2 ).
This ring is isomorphic to the ring r m 0 r : r ∈ R, m ∈ M with the usual matrix operations and isomorphic to R[x]/(x 2 ), where (x 2 ) is the ideal generated by x 2 . The trivial extension of R by M need not be a central reduced ring, as the following example shows. It can be easily shown that for a positive integer n ≥ 2, M n (R) and T n (R) can not be central reduced even if R is commutative. But we have the following result when we deal with T (R, R).
Proposition 2.29 Let R be a ring. Then the following are equivalent.
(1) R is commutative.
(2) T (R, R) is central reduced.
(1) ⇒ (2) By hypothesis, T (R, R) is commutative, and so it is central reduced.
(2) ⇒ (1) Let x, y ∈ R. Since 0 x 0 0 ∈ T (R, R) is nilpotent, it commutes with y 0 0 y ∈ T (R, R). Hence we have xy = yx.
Let R be a ring and
and Chhawchharia [17] introduce the notion of an Armendariz ring, that is, f (x)g(x) = 0 implies a i b j = 0 for all i and j. The name of the ring was given due to Armendariz who proved that reduced rings satisfied this condition [6] . The interest of this notion lies in its natural and useful role in understanding the relation between the annihilators of the ring R and the annihilators of the polynomial ring R[x]. So far, Armendariz rings are generalized in different ways (see namely, [11] , [16] ). In particular, a ring R is called linear Armendariz [14] , if the product of two linear polynomials in R[x] is zero, then each product of their coefficients is zero. A ring R is called central linear Armendariz (1) R is nil-Armendariz.
(2) R is weak Armendariz.
(3) R is central Armendariz.
If R is central reduced, then it is 2-primal by Theorem 2.15 and so N(R) is an ideal of R. Proposition 2.1 in [5] states that in a ring in which the set of all nilpotent elements forms an ideal, then the ring is nil-Armendariz. Therefore R is weak Armendariz and central Armendariz. We now give a useful lemma without proof to show that the trivial extension of a central reduced ring is central Armendariz.
Lemma 2.33
The following hold for a ring R with a, b ∈ R.
(1) The sum of central nilpotent elements of R is nilpotent. 
Hence f 1 (x)g 1 (x) = 0 and f 1 (x)g 2 (x) + f 2 (x)g 1 (x) = 0. By Theorem 2.31, R is both nil-Armendariz and central Armendariz. Hence a i b j and b j a i are central nilpotent in R for all i, j. As for the coefficients of f 1 (x)g 2 (x) + f 2 (x)g 1 (x) = 0, we have
Multiplying (1) To complete the proof, we use induction on i + j for i + j ≤ n + t. Assume that the claim is true for all i + j − 1 where i + j ≤ n + t, that is for all k and l with k + l ≤ i + j − 1, a k b 
